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Abstract: I study the scalar representations of the electroweak group of the Standard
Model, which is a subgroup of the chiral group U(N)L × U(N)R with N flavours, for N
even, with a special emphasis on their chiral properties and on their behaviour by the
discrete symmetries P and CP . They exhaust the 2N2 scalar and pseudoscalar degrees
of freedom of the chiral group, for which a SU(2)L × U(1) renormalizable, anomaly-free
gauge theory naturally springs out. It is shown to have a global diagonal SU(2)V symmetry
independently of the value of the hypercharge coupling, which becomes local at the limit
when the latter vanishes. When acting in the 4-dimensional space of states spanned by the
special representations under scrutiny in this paper, the electric charge is one of the three
generators of this “custodial” symmetry; that the latter stays an unbroken symmetry is
thus correlated with the quantization of the electric charge.
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1 Introduction.
While scalar fields play a crucial and ambiguous role in the spontaneously broken gauge
theory of electroweak processes [1], pseudoscalar and scalar mesons are traditionally at-
tached to the chiral group of strong interactions [2]. However, the dominance of their
electroweak interactions makes mandatory their description within the framework of a
gauge theory too. This is achieved in this paper, which also re-unites within the same
framework the fields at the origin of the breaking of the symmetry and the observed
particles (mesons).
I reduce the most general J = 0 representations of the electroweak group to N2/2 quadru-
plet representations. They can be classified according to their transformations by CP .
The existence of a quadratic invariant for those representations enables to write of a
SU(2)L × U(1) gauge invariant Lagrangian for J = 0 mesons, which is renormalizable by
power counting. It has furthermore a global diagonal SU(2)V symmetry, which becomes
local at the limit g′ → 0, where g′ is the hypercharge U(1) coupling constant.
In the space of states spanned by these representations, the electric charge is one of
the three generators of the latter “custodial” SU(2)V . Its quantization, as that of the
third component of an angular momentum, is thus correlated with this SU(2)V being
an exact symmetry of the model. It is to be related, from the point of view of electric-
magnetic duality [3], to a recent paper by Cho and Maison [4] uncovering dyon-type
classical solutions in this model.
Only briefs remarks concerning the phenomenology of observed electroweak eigenstates
are made here.
2 The chiral group U(N)L × U(N)R.
A generator A of U(N)L × U(N)R is a set of two N ×N matrices (AL,AR). A generator
of a diagonal subgroup satisfies AL = AR.
Both left and right parts of the chiral group violate parity; hence it is natural to classify
the J = 0 fields according to their behaviour by the parity changing operator P, which
transforms a scalar into a pseudoscalar and vice-versa; we shall accordingly consider the
action of the chiral group on P-even or P-odd states.
We define it by the actions of its left and right commuting subgroups. At the level of the
algebra:
AiL .MPeven
def
= −AiLMPeven =
1
2
(
[MPeven,AiL]− {MPeven,AiL}
)
,
AiL .MPodd
def
= +MPodd AiL =
1
2
(
[MPodd,AiL] + {MPodd,AiL}
)
,
AiR .MPeven
def
= +MPevenAiR =
1
2
(
[MPeven,AiR] + {MPeven,AiR}
)
,
AiR .MPodd
def
= −AiRMPodd =
1
2
(
[MPodd,AiR]− {MPodd,AiR}
)
, (1)
which is akin to left- and right- multiplying N ×N matrices.
From eqs. (1), we see that the diagonal U(N) group acts by commutation with the M
matrices, whatever their behaviour by P; the M’s lie in the adjoint representation of this
diagonal U(N).
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At the level of the group, let UL × UR be a finite transformation of the chiral group; we
have
UL × UR .MPeven = U−1L MPeven UR,
UL × UR .MPodd = U−1R MPodd UL, (2)
reminiscent of the group action in a σ-model [2] with a U(N)L×U(N)R group of symmetry.
Note that “left” and “right” are swapped in the action on the P-odd scalars with respect
to the P-even ones..
The expressions in terms of commutators ([ , ]) and anticommutators ({ , }) have been
kept in eq. (1) for the reader to make an easy link with scalars as bound states of fermions
(quarks). Indeed, the reader can easily recover the same expressions for the action of
the chiral group by sandwiching the matrices M between a N -vector Ψ of “quarks” in
the fundamental representation of U(N), an its conjugate Ψ, and by introducing a γ5 in
the definition of all P pseudoscalar states. The “left” and “right” generators are then
respectively given a (1−γ5)/2 or a (1+γ5)/2 projectors when acting on the fermions, and
the laws of transformations of the latter induce those of the mesons (see [5, 6]);
All group actions on J = 0 fields written in this work can be uniquely and straightforwardly
deduced from the action on fermions when the former are written as scalar or pseudoscalar
diquark operators.
3 The group SU(2)L × U(1).
The group SU(2)L×U(1) of electroweak interactions has, as shown below, the fundamental
property and advantage that, for N even, it is a subgroup of the chiral group U(N)L ×
U(N)R. Its generators can thus also be taken as N ×N matrices.
The generators of the “generic” SU(2), where “generic” means “aligned” with the chiral
group, we take to be
T3 =
1
2

 I 0
0 −I

 , T+ =

 0 I
0 0

 , T− =

 0 0
I 0

 . (3)
The I’s in eq. (3) stand for N/2 ×N/2 unit matrices (we require T− = (T+)†, such that
the unit matrices are chosen to have the same dimension). T+ and T− are respectively
(T1 + i T2) and (T1 − i T2). A “left” generic SU(2) is defined accordingly.
The U(1) of hypercharge, non-diagonal, but which commutes with SU(2)L is defined by
its generator (YL,YR), with
YL =
1
6
I,
YR = QR , (4)
where Q = (QL,QR) is the charge operator and I is the unit N ×N matrix.
The Gell-Mann-Nishijima relation
Y = Q− T 3L, (5)
to be understood as
(YL,YR) = (QL,QR)− (T 3L, 0), (6)
2
is verified, for its left and right projections, by the definitions (3,4) above when the charge
operator Q is diagonal with
QL = QR =

 2/3 0
0 −1/3

 . (7)
The “alignment” of the electroweak subgroup inside the chiral group is controlled by a
unitary matrix, (R,R), acting diagonally, with
R =

 I 0
0 K

 , (8)
where K is a N/2×N/2 unitary matrix of rotation [7, 8]. The “rotated” electroweak group
is then the one with generators
R†T R ; (9)
In practice, this rotation only acts on the T± generators; explicitly, one has
T3rotated =
1
2

 I 0
0 −I

 , T+rotated =

 0 K
0 0

 , T−rotated =

 0 0
K† 0

 ; (10)
the reader will recognize in eq. (10) the usual SU(2)L generators of the Glashow-Salam-
Weinberg model when acting on N -vectors of quarks in the fundamental representation of
U(N).
4 Quadruplet scalar representations of SU(2)L × U(1).
Because electroweak interactions violate parity, the representations of the corresponding
group of symmetry mix states of different parities, ‘scalars’ and ‘pseudoscalars’. The
representations are of two types, P-even and P-odd, according to their transformation
properties by the parity changing operator P already mentioned in section 2.
In the same way (see eq. (1)) as we wrote the action of the chiral group on scalar fields
represented by N ×N matrices M, we define the action of its SU(2)L subgroup, to which
we add the action of the electric charge Q according to:
Q .M = [M,Q]; (11)
it acts by commutation because it is a diagonal operator (see section 2).
We shall now build a very special type of representations of the “generic” SU(2)L ×U(1)
group defined in eqs. (3,4). We write them in the form (M0, ~M), where the M’s are still
N×N matrices; ~M stands for the sets of complex matrices {M1,M2,M3} or {M3,M+,M−}
with M+ = (M1 + iM2)/
√
2 , M− = (M1 − iM2)/√2.
Let us consider quadruplets of the form
(M 0,M3,M+,M−) =

 1√
2

 D 0
0 D

 , i√
2

 D 0
0 −D

 , i

 0 D
0 0

 , i

 0 0
D 0



 ,
(12)
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where D is a real N/2 ×N/2 matrix.
The action of SU(2)L × U(1) on these quadruplets is defined by its action on each of the
four components, as written in eqs. (1,11). It turns out that it can be rewritten in the
form (the Latin indices i, j, k run from 1 to 3):
TiL .M
j
Peven = −
i
2
(
ǫijkM
k
Peven + δijM
0
Peven
)
,
TiL .M
0
Peven =
i
2
MiPeven; (13)
and
TiL .M
j
Podd = −
i
2
(
ǫijkM
k
Podd − δijM0Podd
)
,
TiL .M
0
Podd = −
i
2
MiPodd. (14)
The charge operator acts indifferently on P-even and P-odd matrices by:
Q .M i = −i ǫij3M j ,
Q .M 0 = 0 , (15)
and the action of the U(1) generator Y follows from eq. (5).
Still as a consequence of (1), the action of the “right” group SU(2)R is of the same form
as displayed in eqs. (13,14) but with the signs in front of M0’s all swapped.
We see that we deal now with 4-dimensional representations of SU(2)L×U(1), and which
are also, by the above remark, representations of SU(2)R. In the basis of any such rep-
resentation, the generators of the electroweak group can be rewritten as 4 × 4 matrices.
This is also the case for the generators of the diagonal SU(2) (see section 7).
We shall restrict below to this type of representations (12).
They decompose into “symmetric” representations, corresponding to D = D†, and “anti-
symmetric” ones for which D = −D†.
There areN/2(N/2+1)/2 independent real symmetric Dmatrices; hence, the sets of “even”
and “odd” symmetric quadruplet representations of the type (12) both have dimension
N/2(N/2+1)/2. Similarly, the antisymmetric ones form two sets of dimension N/2(N/2−
1)/2.
If (M 0, ~M) is a representation of the “generic” SU(2)L×U(1) of eqs. (3,4), (R†M 0R,R† ~MR)
is a representation of the “rotated” group of eqs. (9,10); it is called hereafter a “rotated”
representation. It writes explicitly:
(M 0,M3,M+,M−)rotated
=

 1√
2

 D 0
0 K†DK

 , i√
2

 D 0
0 −K†DK

 , i

 0 DK
0 0

 , i

 0 0
K†D 0



 .
(16)
Every representation above is a reducible representation of SU(2)L (or SU(2)R) and is
the sum of two (complex) representations of spin 1/2. This makes it isomorphic to the
standard scalar set of the Glashow-Salam-Weinberg model [1].
Now, if we consider the transformation properties by the diagonal SU(2), all ~M’s are (spin
1) triplets, lying in the adjoint representation, while all M0’s are singlets.
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To ease the link with physics, let us make one more step in the reshuffling of our quadru-
plets. By summing or subtracting the two representations, P-even and P-odd, correspond-
ing to the same set of four M matrices, one can form two other representations; the action
of SU(2)L rewrites, using eqs. (13,14):
TiL . (M
j
Peven +M
j
Podd) = −
i
2
(
ǫijk(M
k
Peven +M
k
Podd) + δij(M
0
Peven −M0Podd)
)
,
TiL . (M
0
Peven +M
0
Podd) =
i
2
(MiPeven −MiPodd); (17)
TiL . (M
j
Peven −MjPodd) = −
i
2
(
ǫijk(M
k
Peven −MkPodd) + δij(M0Peven +M0Podd)
)
,
TiL . (M
0
Peven −M0Podd) =
i
2
(MiPeven +M
i
Podd). (18)
As usual, the action of SU(2)R is obtained from the one above by swapping the signs of
all M0’s.
It is convenient to rewrite
(MPeven +MPodd) = S, (19)
and
(MPeven −MPodd) = P, (20)
eq. (19) corresponding to a scalar state S, and eq. (20) to a pseudoscalar state P. Thus,
of those two new representations, the first is of the type
(M 0, ~M) = (S0, ~P) (21)
and the second of the type
(M 0, ~M) = (P 0, ~S); (22)
both have scalar and pseudoscalar entries, each entry having a definite P quantum number
(we attribute to scalars the parity P = +1 and to pseudoscalars the parity P = −1).
Among the “symmetric” (S0, ~P) representations lies the one corresponding to D = I and
which thus includes the scalar U(N) singlet: it is hereafter identified with the Higgs boson
H and the corresponding representation with the usual scalar 4-plet of the Standard Model:
(H, ~φ) =

 1√
2

 I 0
0 I


S
,
i√
2

 I 0
0 −I


P
, i

 0 K
0 0


P
, i

 0 0
K† 0


P

 .
(23)
From now onwards, we shall work with the representations (21) and (22). By hermitian
conjugation a “symmetric” (M 0, ~M) representation gives (M 0,−~M); an “antisymmet-
ric” representation gives (−M 0, ~M); the representations (21) and (22) are consequently
representations of given CP (charge conjugation × parity): “symmetric” (S0, ~P)’s and
“antisymmetric” (P 0, ~S)’s are CP -even, while “symmetric” (P 0, ~S)’s and “antisymmetric”
(S0, ~P)’s are CP -odd. By multiplying a representation of a given CP by i, one obtains a
representation with opposite C, and thus with opposite CP ; they however correspond to
the same Lagrangian (see eq. (25) below).
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5 The SU(2)L×U(1) invariant Lagrangian for scalar fields.
To every representation (12), in particular those of the form (21) or (22), is associated a
unique quadratic expression invariant by any SU(2)L × U(1) transformation:
I = M 0 ⊗M 0 + ~M⊗ ~M; (24)
the “⊗” product is a tensor product; it is not meant in the sense of the usual multiplication
of matrices but in the sense of the product of fields as functions of space-time. ~M ⊗ ~M
stands for
∑
i=1,2,3M
i ⊗M i.
The invariant I of eq. (24) is also invariant by SU(2)R.
Once we have the action of the (gauge) group and a quadratic invariant, we can immedi-
ately write a gauge invariant electroweak Lagrangian for the 2N2 scalar and pseudoscalar
fields. If we do not allow for scalar-pseudoscalar transitions, it includes a priori N2/2 in-
dependent electroweak mass scales, one for each quadruplet (we thus exclude mass terms
proportional to the second type of possible quadratic invariant, linking one quadruplet of
the form (21) with one of the form (22): S0 ⊗ P0 + ~P⊗ ~S.)
L =
∑
all reps R
1
2
(
DµM
0
R ⊗DµM0R +Dµ ~MR ⊗Dµ ~MR −m2R(M0R ⊗M0R + ~MR ⊗ ~MR)
)
,
(25)
where the sum is extended to all representations (21) and (22).
Dµ in eq. (25) is the covariant derivative with respect to SU(2)L × U(1):
DµM
α = ∂µM
α − ig′Bµ Y.Mα − ig(Wµ)iTiL.Mα, (26)
where g′ and g are respectively the weak hypercharge and SU(2)L coupling constants,
and Bµ and ~Wµ the associated gauge fields. The explicit expressions for the covariant
derivatives of the scalar fields can be found in eqs. (34) below.
The link with a Lorentz scalar for the Lagrangian density above goes along the following
simple lines: every matrix M in a quadruplet, describing an electroweak state, can be
expanded on the basis of strong eigenstates, themselves N × N matrices; those are then
replaced in L by the corresponding mesonic fields like π+,K0 . . ., and the tensor product
by the usual multiplication of scalars. The obtained new Lagrangian density is now a
Lorentz scalar. It is of course important that the kinetic terms can be diagonalized both
in the electroweak and in the strong basis. Then, if they are all normalized to 1, the
Lagrangian (25) has, at the limit g, g′ → 0, a global SU(2)R × SU(2)L symmetry which
exists independently of the values of the masses mR.
The three Goldstones ~φ, absorbed by the three gauge fields who become massive, are
themselves linear combinations of “strong” eigenstates, as for example, in the case N = 4,
we get from (23)
φ+ = a
[
cθ(π
+ +D+s ) + sθ(K
+ −D+)] , (27)
where cθ and sθ are the cosine and sinus of the Cabibbo angle, and a a scaling factor
a =
f
〈H〉 , (28)
(〈H〉 = v√
2
), which has already been studied in [5] [6]; f is the leptonic decay constant
supposed to be the same for all concerned mesons. The link with observed mesons was
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shown in [5] [6] to be as follows:
- all matter fields, mesons, leptons and gauge fields have to be rescaled by the factor a;
for example in the one-generation case
(H, ~φ) = a(H ′, ~π); (29)
for the leptons
ψℓ = aψ
′
ℓ, (30)
and for the gauge field σµ, (σµ = ~Wµ, Bµ)
σµ = aσ
′
µ; (31)
- all coupling constants have to be rescaled by 1/a, generically for κ = g, g′
κ = κ′/a. (32)
The Lagrangian for all rescaled matter fields to be considered is then L′ = L/a2, which
yields the usual leptonic and semi-leptonic amplitudes for the pions ~π to decay into
“primed” leptons ψ′ℓ, as given by the “Partially Conserved Axial Current” hypothesis;
the rescaled fields ~π, ψ′ℓ, σ
′
µ are considered to be the physical fields, which interact with
the physical coupling constants κ′.
One avoids in this way the mass scale problem occurring in theories with dynamical sym-
metry breaking and the necessity of introducing a new scale of interaction with associated
super-heavy mesons, like in technicolour theories [9].
A point to be stressed here is that this Lagrangian includes only renormalizable couplings.
We have in addition the freedom to add all biquadratic terms, which will automatically
respect the local SU(2)L × U(1) symmetry. It is furthermore anomaly-free, no anomaly
arising from scalar fields [10].
It has additional symmetry properties, to which we now turn.
6 The SU(2)V “custodial” symmetry.
The 4-dimensional representations (12) of SU(2)L × U(1) have already been mentioned
to be representations of SU(2)R. They are thus naturally representations of the diagonal
SU(2)V , that we study in more detail.
When acting in the 4-dimensional vector space of which (12) form a basis, its generators
T3,T± can be represented as 4× 4 matrices T˜ 3, T˜±; explicitly:
T˜+ =


0 0 0 0
0 0
√
2 0
0 0 0 0
0 −√2 0 0


, T˜− =


0 0 0 0
0 0 0 −√2
0
√
2 0 0
0 0 0 0


, T˜3 =


0 0 0 0
0 0 0 0
0 0 −1 0
0 0 0 1


.
(33)
That the first line in any of the three above matrices identically vanishes is the translation
of the already mentioned fact that the first entry M0 of the representations (12) are
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singlets by the diagonal SU(2), while the three other entries ~M form a triplet in the
adjoint representation.
We show now that the whole Lagrangian (25) has a global SU(2)V symmetry, when the
gauge fields W±µ and Z˜µ = Zµ/ cos θw, with θw the Weinberg angle, transform like a
vector in the adjoint representation of SU(2)V . This is not a surprise since those precisely
absorb the ~φ triplet of eq. (23), also in the adjoint, to become massive, when the gauge
symmetry is broken down from SU(2)L×U(1)Y to U(1)em. The normalization of the last
one ensures that the resulting mass term for the gauge fields M2W (2W
+
µ W
µ−+ZµZµ/c2W )
satisfies ρ = 1, where ρ = MW/(MZ cos θw) is the Michel’s parameter. We recover the
well-known link between the custodial SU(2)V and the value of ρ [11].
For this purpose, let us explicitly write the covariant (with respect to SU(2)L × U(1))
derivatives of a quadruplet, and show that they transform like a singlet plus a triplet by
the custodial SU(2). We do it explicitly for a P-even quadruplet.
DµM
0
even = ∂µM
0
even +
e
2sw
(W 1µM
1
even +W
2
µM
2
even + (Zµ/cw)M
3
even),
= DµM0even +
e
2sw
(W 1µM
1
even +W
2
µM
2
even + (Zµ/cw)M
3
even),
DµM
3
even = ∂µM
3
even +
e
2sw
(
i (W+µ M
−
even −W−µ M+even)− (Zµ/cw)M0even
)
,
= DµM3even −
e
2sw
(Zµ/cw)M
0
even,
DµM
+
even = ∂µM
+
even −
e
2sw
(
W+µ (M
0
even + iM
3
even)− i(Zµ/cw)M+even
)
+ i
e
cw
BµM
+
even,
= DµM+even −
e
2sw
W+µ M
0
even + i
e
cw
BµM
+
even,
DµM
−
even = ∂µM
−
even −
e
2sw
(
W−µ (M
0
even − iM3even) + i(Zµ/cw)M−even
)− i e
cw
BµM
−,
= DµM−even −
e
2sw
W−µ M
0
even − i
e
cw
BµM
−
even. (34)
In eq. (34) above, we noted cw and sw respectively the cosine and sine of the Weinberg
angle. Aµ is the photon, W
±
µ = (W
1
µ ± iW 2µ)/
√
2, and we have as usual
g =
e
sw
, g′ =
e
cw
,
Zµ = cwW
3
µ − swBµ, Aµ = cwBµ + swW 3µ . (35)
Dµ is the covariant derivative with respect to the diagonal SU(2)V group
DµM = ∂µM− i e
sw
(
1√
2
(W+µ T˜
− +W−µ T˜
+) +
Zµ
cw
T˜3).M . (36)
The normal derivative of M transforming like M itself, that DµM
0 is a singlet of SU(2)V
is trivial as soon as, as stressed before, ~M is a triplet in the adjoint and (W±µ , Zµ/cw) too,
since the scalar product of those two vectors is an invariant;
that the three other covariant derivatives transform like a vector results from the three
following facts:
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- from the 2 vectors ~M and (W±µ , Zµ/cw) we can form a third one with the ǫijk tensor


M−W+µ −M+W−µ ,
M3W+µ −M+(Zµ/cw),
M3W−µ −M−(Zµ/cw);

 (37)
- M0 being a singlet by SU(2)V , the terms M
0W±µ transform like W±µ and thus like M±,
(Zµ/cw)M
0 like (Zµ/cw) and thus like M
3;
- Bµ is to be considered as a singlet of SU(2)V , such that the terms (Bµ/cw)M
± transform
like M±.
The same argumentation works for P-odd scalars. Their covariant derivatives are imme-
diately obtained from eqs. (34) above by changing the signs of all M0’s.
This shows the existence of a global SU(2)V custodial symmetry for the Lagrangian (25),
independently of the value of the hypercharge coupling g′.
The starting global U(N)L × U(N)R symmetry of strong interactions is broken down to
SU(2)R×SU(2)L by the N2/2 electroweak mass scales introduced in the Lagrangian (25);
this symmetry is only (classically) exact when the coupling constants g, g′ → 0. When
they are turned on, it is broken down to the custodial SU(2)V ; electroweak interactions
are themselves broken down to U(1)em, but the custodial symmetry is preserved, at least
classically.
As all relevant SU(2)’s are the “rotated” ones, in particular, the custodial SU(2)V is not
the strong isospin group [11].
After symmetry breaking, there exists a priori two SU(2)V mass scales for each quadru-
plet: the first is that of the vector triplet, the second that of the singlet, like for example
the Higgs boson. So, in this framework, and without adding more information (like com-
positeness as has been done in [5, 6]), there exists no link between the mass of the Higgs
boson and that of the other gauge fields or J = 0 mesons.
Let us now examine whether this symmetry can be considered as a local symmetry.
Making a space-time dependent SU(2)V transformation with parameters ~θ on the scalar
fields and transforming the vector fieldsW±µ , Zµ/cw like the corresponding gauge potentials
(Bµ being a singlet does not transform), ones finds from (34) that the Lagrangian (25)
varies, for each quadruplet, by
∆L = Dµ~θ.(~M⊗DµM0 −M0 ⊗Dµ ~M), (38)
such that the existence of a local custodial SU(2)V symmetry is linked to the conservation
of the triplet of currents ~V µ
Dµ~V µ = 0, (39)
with
~V µ = ~M⊗DµM0 −M0 ⊗Dµ ~M. (40)
~Vµ is an SU(2)V triplet. Its “singlet” partner V
0
µ identically vanishes by the definition
(40).
These currents are automatically covariantly (with respect to SU(2)L × U(1)) conserved
by the classical equations of motion for the M fields, as can be seen from (40), which
entails
DµV iµ = M
i ⊗D2M0 −M0 ⊗D2Mi, (41)
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and from the Lagrangian (25) to which we can add any term quadratic in the invariants
I for any quadruplet.
Now,
DµV iµ = DµV iµ − ig′BµQ˜.V iµ, (42)
where we have used the Gell-Mann-Nishijima relation and the fact that, since V 0µ identi-
cally vanishes, the “left” SU(2)L acts on ~Vµ like the diagonal SU(2)V .
We can thus conclude that the custodial symmetry, which is a global symmetry, becomes
local when the hypercharge coupling g′ goes to zero.
A vector-like local symmetry, having no anomaly, is preserved at the quantum level. At
the limit g′ → 0, the custodial SU(2)V symmetry is thus an exact local symmetry of the
standard SU(2)L × U(1) Lagrangian (25) for J = 0 fields, with gauge fields W±µ , Zµ/cw.
This is to be compared with non-linear σ-models built on a gauge group G/H, where H
is the little group of the broken G symmetry (for example G = SU(2)L × SU(2)R and
H = SU(2)V ), which possess a hidden H local symmetry [12]; however, there, the gauge
fields are not dynamical; as these are non-renormalizable theories, some authors [13] argue
that kinetic terms for the gauge fields are generated at higher orders in a loop expansion,
to treat these fields as dynamical, with the possible outcome of new physics. It appears
that, in our approach, which is renormalizable, no new gauge field springs out in the
problem.
The presence of this exact custodial symmetry entails, in particular, that all corrections to
ρ = 1 for the Michel’s parameter should vanish with g′ when one computes the quantum
corrections with the electroweak eigenstates displayed here, and not with quarks; the
“screening” theorem [14] becomes exact in this limit, which is also that where Zµ =
W 3µ , Aµ = Bµ and the three massive vector bosons become degenerate in mass.
7 Quantization of the electric charge.
In the same way as we wrote the SU(2)V generators as 4 × 4 matrices when acting in
the 4-dimensional vector spaces spanned by our quadruplets, we can express the electric
charge operator, which turns out to be
Q˜ =


0 0 0 0
0 0 0 0
0 0 −1 0
0 0 0 1


. (43)
By comparison with (33), we see that Q˜ is identical with T˜ 3 and that we have the com-
mutation relation
[T˜+, T˜−] = 2 T˜ 3 = 2 Q˜. (44)
Q˜ being an SU(2) generator, its eigenvalues, hence the electric charges of the representa-
tions (12), are quantized like those of the z component of an angular momentum if the
custodial symmetry, that we exhibited at the classical level, stays an unbroken symmetry
of the theory at the quantum level, as suggested by experimental results (see for example
([15])).
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The J = 1 mesons naturally fit into triplets and singlets of both the electroweak SU(2)L
gauge group, and of the custodial SU(2)V . The two groups act in the same way. This
is easily seen in a “composite” picture where a vector meson is written as ρµ = ΨγµAΨ,
where A is again a U(N) generator. The mechanism displayed above that leads to the
quantization of the electric charge is consequently even simpler in this case than for the
J = 0 case.
We expect the same mechanism also to operate in the sector of the gauge fields, due
to their connection to the “Goldstones” ~φ of the broken symmetry, that they absorb to
become massive,
This general result is to be related with a recent work by Cho and Maison [4] claiming
the existence of non trivial classical solutions of the dyon type in the Glashow-Weinberg-
Salam model with one complex doublet of scalar fields. The point is that, after extracting
the invariant I of the (H, ~φ) quadruplet (23), the gauge group acts on the remaining real
degrees of freedom, living now in a compactified space CP 1; this yields a non-trivial topo-
logical structure, at the origin of the existence of monopole-like solutions of the classical
equations of motion, structure which was thought before to be only found in a pure SU(2)
broken gauge theory with a triplet of gauge fields and another of scalars, both in the
adjoint representation of the gauge group [16]. The Standard Model could consequently
appear as a candidate for a theory where the two possible known ways of having a quanti-
zation of the electric charge, the presence of “monopoles” and the fact that the generator
of the electric charge is one among the generators of a non-abelian simple group, are two
aspects of the same phenomenon, called electric-magnetic duality [3], without having to
invoke supersymmetry for technical reasons like non-renormalization theorems. If this is
the case, then one expects the existence, in the same quantum theory, of a strongly-coupled
‘magnetic’ sector, the particles of which being solitons or ‘skyrmion’-like [17].
8 Particles: a few brief remarks.
Some phenomenological aspects have already been tackled in [5, 6], where the J = 0 mesons
have been explicitly considered as composite. We recall that the latter approach is totally
compatible with the present one, where fermions do not explicitly appear. So, the reader
can refer to the above works to get more information about leptonic and semi-leptonic de-
cays, the disappearance of anomalies etc. . .We shall only make here some general remarks
guiding the connection with phenomenology.
In the present work, the “standard” scalar 4-plet (or complex doublet) of the Glashow-
Salam-Weinberg model is identified with the “symmetric” (S0, ~P) representation (23) in-
cluding the scalar U(N) singlet, represented by the N × N unit matrix. The latter is a
priori chosen as the only diagonal N×N matrix with a non vanishing trace, and so unam-
biguously defined as the Higgs boson. It is the only field supposed to have a non-vanishing
vacuum expectation value.
Any linear combination of the representations (21) and (22) also being a representation,
only physical observation can guide us towards the determination of what are the observed
electroweak eigenstates. Mixing matrices link physical states with the (rotated) represen-
tations displayed above; they can a priori depend on new parameters, differing or not
from the angles and phases characterizing, in the rotation matrix R , the alignment of the
electroweak group inside the chiral group. Combining representations of both types (S0, ~P)
and (P 0, ~S) seems however not desired since it would mix states of different parities.
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Any state produced by strong interactions is a combination of electroweak eigenstates,
which evolve and decay according to the dynamics of electroweak interactions if no strong
channel is allowed for the decay of the initial state.
Only those representations of the (S0, ~P) type, and for which the scalar entry has a non-
vanishing component on the Higgs boson, will undergo leptonic decays of their three
(pseudoscalar) ~P entries; indeed, only for those representations will the kinetic term in
the Lagrangian (25) include a 〈H〉σµ∂µP coupling, where σµ is a gauge field; the direct
coupling of the latter to leptons will trigger the leptonic decay of the pseudoscalar P.
In the same way, we deduce that, by our hypotheses, scalar mesons never leptonically
decay: by the action of the group, a scalar is connected either to a pseudoscalar, which
is supposed to have a vanishing vacuum expectation value, or to another scalar; but the
latter is always one with a vanishing vacuum expectation value since the Higgs boson can
only be reached by acting with the group on a pseudoscalar.
Semi-leptonic decays between states of the same parity can only occur between the mem-
bers of the (diagonal) SU(2) triplet of a given quadruplet, since the gauge group only
connects the entries of a given representation; indeed, the kinetic term includes couplings
of the type P1σ
µ∂µP2, with the gauge field σµ giving leptons as before. In particular,
a (diagonal) SU(2) singlet like a P 0 or a S0 never semi-leptonically decays into another
meson of the same parity.
The customary attribution of CP quantum numbers and the presence or not of semi-
leptonic decays makes that the “short-lived” neutral kaon, which is not observed to decay
semi-leptonically, is likely the SU(2)“singlet” of an “antisymmetric” (P 0, ~S) representa-
tion (CP = +1), or of i× a “symmetric” (P 0, ~S) representation, which has the same CP ,
while the neutral pion, if thought of as aligned with the corresponding “strong” eigen-
state, and the “long-lived” kaon should a priori be looked for in “antisymmetric” (S0, ~P)
representations (CP = −1). or in i× “symmetric” (S0, ~P) representations. The study of
CP violation, in particular the decays of K mesons into two or three pions is worth a
special study, which we postpone to a separate work.
9 Conclusion. Outlook.
Because difficult steps, necessary to go from fundamental fields in the Lagrangian, like
quarks, to observed physics are not yet mastered and the formidable problem of confine-
ment unsolved, we thought that the goal of building a renormalizable gauge theory for the
interactions of observed particles like mesons was worth considering.
The custodial symmetry that we exhibited in this model is linked to the quantization
of the electric charge, phenomenon usually looked for in unified theories based on a non-
abelian simple gauge group like SU(5) [18], or in theories which possess non-trivial classical
solutions with a magnetic charge.
That both mechanisms for charge quantization might occur in the Glashow-Salam-Weinberg
model with one (or several like here) complex doublet of scalars [4] suggests a much richer
content of the underlying quantum theory, with two different phases, the small-coupling
(“electric”) one corresponding to the usual action that we studied here, and another (“mag-
netic”) one corresponding to a strongly-coupled sector, where fundamental particles would
be of the soliton-type. It is natural to think, in agreement with the ideas pioneered by
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Skyrme [17] and later developed by Witten [17], that this second sector could have some-
thing to do with baryons, and/or in general with strong interactions of hadrons. This will
be one of the directions of future works.
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